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Abstract 

In this paper we prove new upper bounds for the sum ^J^lLa+i "*'('"-) i ^^v a certain 
class of arithmetic functions f . Our results improve the previous results of G. Bachman 
and L. Rachakonda. 
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1 Introduction 

For any positive real numbers A, B and a natural number q, denote by F= -Fa,b(c|) the 
class of all functions f : Z ^ C satisfying the conditions 



|f(n)| ^ A for all n G Z, 



(1) 



> 

(N 

oo 
en 

p 

o 



X 



f (n + q) = f (n) for all n G Z, 



L 



^f(n + k) 



k=l 



^ BqK for all natural numbers K. 



Dobrowolski and Williams |T] proved that the estimate 



Q+N 

n=Q+l 



n 



^Jh^"^^"^^"^^^^ 



(2) 



(3) 



(4) 



holds for all f G FA,B(q)- Bachman and Rachakonda [2] improved their result and obtained 
that 



a+N 
n=a+l 



n 



< 



3 log 3 



v/qlogq+ f5v^+-AJ v^. 



(5) 



In this paper we improve (E]). 

Let {qn}^-2 be a sequence of integers such that 



q_2 = 1 , q-i = 1 , qn = 2qn-i + qn-2 for n^O. 



(6) 
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Then 



qn=Q + v^)AuQ-v^)A? 



where 



Ai = 1 + V2, A2 = 1 - 72. 
Let {pn}^_2 be a sequence of integers such that 

P_2 = 0, p_i = 0, Pn = 2pn-l + Pn-2 + ""'^ -, for U ^ 0. 



Then 



Pn= U 



1 , 5v^\ _ , /l 5v^' 



'n.,^ n n. 



2 16 



Define the quantity 6n,TL ^ by 



A^ + 1 ^ - :^^ 1 A? + ^xr' + -^Ar^. 



2 16 



8 ' 8 



(7) 



(8) 



(9) 



(10) 



qnlogqn 

Theorem 1. For any n ^ 0, q ^ q^ and any f G FA,B(q)) "w^e /iave 

a+N 
m=a+l 



:iii 



m 



^yB6nV^logq+ |VBJqn + ^ + yB(y2-1)^^ + ^AJ v^ + -il>n(q,B), 



ij^nlq, B) = Vb Ln + ^ j Un log q + ( VI - 1 
The aim of the Theorem [1] is to improve the constant 6c 



'qn-y 

^ in ([5]) (see Tabled. 



3 log 3 



n 


qn 


Pn 


6n 





3 


1 


0.303413 


1 


7 


4 


0.293656 


2 


17 


14 


0.290670 


3 


41 


44 


0.288986 


4 


99 


131 


0.287965 



Table 1 



By dZD, (HD]), dn]) one has 



hm 5r 



= 0.283676 , 



n^oo "■ 41og(1 + a/2) 

To prove Theorem [T] we extend the method of Bachman and Rachakonda. 



2 Proof of the theorem 



If f G Fa,b(c|) then Y. ^i^) = ^- So, we may assume that 

n=l 



N < 



If N ^ ^ then 



a+N 
n=a+l 



n 



^ A 



v^ 



and Theorem [T] is proved. So, we may assume that 

2 2 
As in P] we define triangular sums T_(x, ■y),T+(x, ij) by 

x+y y 

T^{x,y]=Y_ Z f(i + j) = ^(-y + 1-k)f(x + k]. 

i=x+l j=x+l— i k=l 



(12) 



(13) 



(14) 



x+y x+y-i y 

Mx,y)=Y_ ^ f(i + j) = ^Tcf(x + k] 

i=x+l j=0 



k=l 

and the square sum S(x, ij) by 

x+y y-i 
S(x,y)= Y_ ^ni + ]). 

i=x+l )=0 

Observe that for any integer numbers x,'y,u, v, k one has 

x+y u+v x+y— k u+v+k 

i=x j=u i=x— k j=u+k 

Let K, 1 ^ K ^ N. It was shown in [21 (2.2), (2.3)] that 

a+N 



Y_ f(^^ 



n=Q+l 

Let T be the integer satisfying 



^VBq^/^ + l|-T_(a,K) + T+(a + N,K)| 



Mn ' ^ ^ ^ Mn 



2 " 2 

By ( 1T3|1 we have t ^ 3. Let {Ki}7^Q be a sequence of integers such that 



Ki 



,T-t __ "I 



(15) 



(16) 



(17) 



(19) 



(20) 



and 



K = K 







q;-i 



Let {Cn]n=-2 be a sequence of integers such that 

qn-1 



Note that 



By (E]), we have 



Then for < i ^ T — 1 one has 



and 



Cn = 



Cj - Cj_i 



qj-i + qj-2 



So 



N 



Lemma 1. For any 1 ^ i ^ T one has 



Cn — 2Cn-l + Cn-2 + 1 • 

Ki = qnKi+1 + Cn 

N < qnKo + Cn. 
qn-1 



1 1 

<qn + -r^<qn + -7- 

Hn Mn 



(21) 



(22) 



(23) 



(24) 



(25) 



(26) 



T_(a,Ki_i) =2T_(a, qn-lKi + Cn-l) -T+(a- qn-2Ki-Cn-2, qn-2Ki + Cn-2) + 
i +S(a - qn-2Ki - Cn-2, (qn-2 + qn-1 )Ki + Cn- Cn-1 ). 




Proof. 



Put 

A(a + 1 , 0); B(a + qnKt + Cn, 0); C(a + qn^i + Cn, -qnKt - Cn + 1 ). 
Then 

}^f(i + j)=T_(a,qnKt + Cn)=T_(a,K,_i). (27) 

ABC 

To prove Lemma [T] we make a partition of the A ABC onto three triangles and the square 
(see fig. [1]). So 

ABC AD'H NF'C DEFB EGM 

Let 

S = (qn-qn-l]Ki + (Cn-Cn-l -1). (29) 

By dS]), (123]) we have 

S = (qn-l + qn-2)Ki + (Cn - Cn-1 " 1 ) = (qn-1 + qn-ljK^ + (Cn-1 + Cn-l). (30) 

Put 

D(a + qn-iKi + Cn-i + 1 , 0); E(a + qn-iKt + Cn-i + 1 , -s); F(a + qnK^ + Cn, -s). 
Applying flT7|) . we have 

}lm+j]- Y. f^'^+^^' (31) 

DEFB D,E,F,B, 

where 

Di(a+qn-iK^ + Cn-i + 1 -s,s); Ei(a+ qn-iKt + Cn-i + 1 -s,0]\ 
Fi (a + qnKi + Cn - s, 0); Bi (a + qnKt + Cn - s, s). 



By m, m 

Di (a - qn-iKi - c^-i + 1 , s); E, (a - qn-iKi - Cn-2 + 1 , 0); 
Fi(a+qn-iKi + Cn-i +1,0); Bi(a+ qn-iKt + Cn-i +1,s). 

Applying (IT6|) . ( 13T|) . we have 

^ f(i + j) =S(a-qn-2Ki-Cn-2, (qn-2 + qn-l]K^ + Cn-Cn-l). (32) 

DEFB 

Put 

D'(a + qn-iKi + Cn-i, 0); H(a + qn-iKt + Cn-i, -qn-iKi - Cn-i + 1 ). 
By (dlD, (HZD, we have 

^ f(i + j)=T_(a,qn-iK, + Cn-i). (33) 

AD'H 



Put 

F'(a+qnKi + Cn,-s-l);N(a + s + 2,-s-l). 
Applying (IT7|) . we have 

^f(i + j)= Y_ ni + i). (34) 

NF'C N,F,'C, 

where 

F;(a + qnKi + Cn - s - 1 , 0); Ni (a + 1 , 0); Ci (a + qnK^ + Cn - s - 1 , -qnK^ - Cn + s + 2). 
Note that ANiFjCi = AAD'H. By ([MD, ([33D, we have 

}^f(i + j)=T_(a,qn_iK, + Cn_i). (35) 

NF'C 

Put 

G(a+qn-iKi + Cn-i + 1,-qn-iKi - Cn-i -1); M(a + s,-s). 
Applying (IT7|) . we have 

}^f(i + j)= Y_ f(i + j), (36) 

EGM E,G,iVl, 

where 

Ei(a+qn-iKi + Cn-i + 1 -s,0); Gi(a+ qn-iKi + Cn-i +1 - s,-qn-iKi - Cn-i -1 +s); Mi(a,0). 

By (USD, ([30D, we have 

^ f (i + j) = T+(a - qn-2Ki - c^-i, qn-iKi + c^-i). (37) 

EGM 

Applying ([27]), (I32D, ([32]), ([2S]), ([2Z]) to ([2H]) one has 

T_(a,K:_l) =2T_(a, qn-lKi + Cn-l) -T+(a- qn-2Ki-Cn-2, qn-2Ki + Cn-2) + 
+S(a - qn-2Ki - Cn-2, (qn-2 + ^n-^ )^i + Cn - Cn-1 ) • 

Lemma is proved. D 

Lemma 2. For an?/ 1 ^ i ^ t one has 
T+(a - Ki_i, Ki_i) = 2T+(a - qn-iK^ - Cn-i, qn-iKt + Cn-i) - T_(a, qn-2Ki + Cn-2)+ 

+S(a - qnKi - Cn, (qn-2 + qn-l)Ki + Cn - Cn-1 ] • 

Proof. This Lemma can be proved in the same way as Lemma [TJ D 



Let 

Sj^V, KO = S(a - qnKi - Cn, (qn-2 + qn-l )Ki + Cn - Cn-1 ), 

sL"'(a, Kt) = S(a - q^-iKi - c^-i, (qn-2 + qn-i IK, + c^ - c^-i ]. (38) 

Let 

T|"'(a, KO = T+(a - qnK^ - Cn, qnKt + Cn), Tl"'(a, KO = T_(a, qnK, + Cn]. 
Note that 

t1"' ( a, KO = T_ ( a, K,_i ) , if V, KO = T+ ( a - K^^i , K,_i ) • (39) 

Consecutive application of Lemma [1] and Lemma [2] gives the following result. 
Lemma 3. For n^ 0, 1 ^i^T— 1 we have 

n n— 2 

Tl"'(a,KO = anT_(a,KO - (3nT+(a,K0 + }^ aj,nS"'(a,KO - }^bj,,S;'(a>KO, 

j=0 j=0 

n n— 2 

T|"'(a,KO = anT+(a,KO - (3nT_(a,K0 + }^ aj,nS?'(a,KO - }^bj,,S"'(a,KO, 

j=0 j=0 



where 



„„.3^, p„ = Sv^ 



anc? {aj^nljLo' l^j.nlLo^ ore integers. 

Proof. We prove this statement by induction. For n = the result follows from 

T_(a, qoK, + Cq] = T_(a, 3Kt + 1 ) = 2T_(a, KJ - T+(a - K„ KO + S(a - K^, 2Kt + 1 ), (40) 

T+(a-3Kt-1,3Ki + 1)=2T+(a-Kt,K0-T_(a,K0 + S(a-3Ki-1,2Ki + 1), (41) 
(see [2] ) . For n = 1 by Lemma [H we have 

tI^V, KO = T_(a, K,_i) = 2T_(a, qoK^ + Co) - T+(a - q^iK, - c_i, q_iK, + c_i ]+ 
+S(a-q_iKi-c_i,(q_i +qo)Ki + Ci -Cq). 

Applying fHOjl . we obtain 

Tl^'(a, Ki) = 4T_(a, KO - 3T+(a - K^, KO + S(a - Kt, 4K, + 2) + 2S(a - K,, 2K, + 1 ]. (42) 
In the same way we can prove that 

T|^'(a, KO = 4T+(a - K^, Kt) - 3T_(a, K,] + S(a - 7K, - 3,4Ki + 2)+ 

+2S(a-3Ki-l,2Ki + 1). (43) 



If our formulas are proved for k ^ n — 1 then by Lemma [T] and Lemma [21 we have 

= (2a,_i + |3n-2)Tla, K,) - (on-i + 2|3n-i )T+(a, K,]+ 
sL"'(a,KO +2an-i,n-iSL"-^'(a,Kt) +2an_2,n-iSL"-''(a,K0 +2a,_3,n-iSL"-''(a,K0+ 

n-4 

+ }2(2aj,n_i+bj,,_2)S"V,K0 



i=o 



n-3 



an-2,n-2SV""''(a, ^i) + ^ia^,n-2 + 2bj,n_i )S? (q, Kt) 



j=0 



So 



OCn = 2(Xn-l + (3n-2, 
|3n = OCn-2 +2|3n-l. 

By (HOD, (US), we have 

ao = 2, |3o = 1 , (Xi = 4, (3i = 3. 
By the definition of qn®, we have 



2 



(44) 



For sequences {aj^nJLo' {^j,n}Lo ^^ have 



Cln.n = 1 , 

aj,n = 2aj,n-i for n - 3 ^ j ^ n - 1 , 

aj,n = 2aj,n-i + bj,n-2 for ^ j ^ n - 4, 

bn-2,n = Cln-2,n-2> 

bj.n = aj,n-2 + 2bj,n-i for ^ j ^ n - 3. 



(45) 



n 



Lemma 4. For ri'> we have 



n-2 



2pn = Y. ^hni<^j-^ + qj-2] + Y. ^i.T^^*lj-i + 1i-2^ 

i=0 j=0 

Proof. We prove this statement by induction. For n = we have 2po = 2 and by fHSl) . ([H]) 
one has 

ao,o(q-i + q-2] = 2ao,o = 2. 
It follows from (H^ that 

TL n— 2 n— 1 n— 3 

^ aj,n(qj-i + qj-2] + Y_ ^J-^(qj-i + qj-2] = H 2aj,n-i (qj-i + qj-2) + ^ 2bj,n-i (qj-i + qj-2) 

j=0 j=0 j=0 j=0 

n-2 n-4 

+ Y_ aj,n-2(qj-l + qj-2) + Y_ \n-2[q]-^ + qj-2) + qn-1 + qn-2. (46) 

j=0 j=0 



8 



If the statement is proved for k ^ n — 1 then by (H6|) . iQ we have 

n n— 2 

Y aj,n(qj-l + qj-l) + Y_ ^iA^j-^ + ^1-2) = 4pn-l + 2pn-2 + qn-1 + qn-2 = 2pn. 
j=0 i=o 

This completes the proof. 

Lemma 5. Let <y < q be an integer and At G {—1 , 1}. Let 

< Xi <X2 < ... <Xm. 

be a sequence of integers such that Xi + y < Xi+i for 1 ^ i < m, Xra + U — Xi ^ q then 



n 



y AtS(xi,-ij; 



1=1 



^ yyBqm. 



Proof. Let Jt = [x,, + 1 , Xi, + y] for 1 ^ i ^ ra then IJ Ji ^ [^1 + ^ > ^1 + q] ^^'^ Ji. fl Jj — ^ ^^ 
any 1 ^ i, j ^ ra Let 



Ai(x) 



Ai, if X G Jt; 
0, else. 



By f lT6|) . the Cauchy-Schwarz inequality and the assumption f G FA,B(q) we have 



^AiS(xi,-y; 



i=i 



y-i 



Y_ ^A,(n)f(n + k] 
neU Ji 1^=0 



neUJi 



\ 



neUJi 



}^f(n + k) 

k=0 



< 



< 



'my. 



\ n=l 



y-1 
^f(n + k] 

k=0 



^ yyBqm. 



n 



To prove Theorem [T] we must estimate ^ |— T_(a, Ko) + T+(a + N, Ko)| (see flTSl) ). Put 

n n— 2 

j=0 j=0 

n n— 2 

l',"^ ( a, Kt) = ^ ajnS? ( a, KO - }2 b^^S "' ( a, KO . 



i=0 j=0 

Applying Lemma [3] and formula (l39l) , we have 

T_(a,Ko) = Tl"'(a,KO = anTi"'(a,KO - |3nT|"'(a,K0 + l'"'(a,KO = Ti + Si 
with 

Ti = anTi"'(a,KO - |3nTf (a,KO, Si = lL"'(a,Ki). (47) 



9 



Consecutive application of Lemma [3] will give us an upper bound for T_(a, Kq). If 

T, = Aji"' (a, Ki+i ) - Bjj"' (a, Kt+i ), 1< i < t - 1 , 
then for 1 ^ i ^ T — 2 by Lemma [3] one has 

Tt = At ((XnTi"' (a, Ki+2) - |3nT_i"' (a, ^i+i) + iL"' (a, Ki+i )) - 
-Bt (anT_i"'(a,Kt+2) - (3nTl"'(a, Ki+2) + I?'(a, Ki+i)) = (cXnAi + (3nB0 Ti"'(a,Kt+2) 
-(anB, + |3nA0Ti"V,Ki+2) + AtlL"'(a,K,+i) -BtlJ^'(a,Kt+i) =Tt+i +St+i. 



with 



So 



S,+i = A,lL"' (a, Kt+i ) - B,lV"J (a, K, 



+ lu, i\i+i. 



By (j44]) we have 



Let 



Ai+i — OCnAi + pnBt, 

Bi+i = a^Bi + |3nAi, 

Ai = (Xn, Bi = (3n. 



A. = ^, B, = ^ 



(4^ 



(49) 



be the number of steps. As T ^ 3 then r ^ T — 1 . So 

r 
i=2 

T 

= A,t1"' ( a, K,+i ) - B,Ti" V, Kr+1 ) + iL"' ( a, Ki ) + }^ ( Ai_i iL"' ( a, KO - Bt-1 ij^' ( a, Ki 

i=2 

and 

T_(a + N, Ko) = A,Tl^'(a + N, K,+i) - BJI'^V + N, K,+i) + iL^'V + N, Ki)+ 

T 

+ }^(A,_ilL"'(a + N,KO-B,_ilf'(a + N,KO). 

1=2 

So 

T 

|T_(a,Ko)-T_(a + N,Ko)|^Ii+l2 + }^l3(i) (50) 



i=2 



10 



with 



Ii 



l3(i) 



A,Tl"'(a,K,+i)-B,Tr(a,K,+i)-A,Ti"V + N,K,+i)+B,Tr(a + N,K,+i 



in). 



lL"'(a,Ki)-lL"'(a+N,Ki; 



n], 



A,_ir"'(a,KO-B,_iI^^'(a,KO-Ai-ir"^(a+N,KO + B,_ilV"^(a + N,K, 



Trivially we obtain by ( 139]) and the definition of T+,T_ (see (TT5|) . flT4l) ) that 

K, (K, + 1 : 



Ii ^ 2A- 



(A, + B,) = AK, (K, + 1 ) (A, + B,) . 



(51) 



By fl38|) . fl22l) . Lemma [5l Lemma H] we have 

n 

j=0 j=0 

^ ^ \j=0 j=0 / 



n-2 



S^^(a,Ki)-S!^'(a + N,K 



< 






Applying (HHj) we have Ai = Bi + 1 so 



l3(i] ^ Bi_ 



lL"'(a,Ki)-l',"V,KO-lL"'(a + N,KO + lJ^'(a + N,K0 



+ 



lL"'(a,KO-lL"'(a+N,KO 



By 



, Lemma Lemma H] we have 

l3(i) ^ v^4B^B,_i (2K, + 1 ) pn + V2B^ (2Ki + 1 ] Pn- 
Using dSOD, dSU), ([52]), (ES]) we have 

|T_(a, Ko) - T_(a + N, Ko)| ^ AK, (K, + 1 ) (A, + B,) + 

r r 

+ V^ZB^Pn Y. ^2Ki + 1 ] + ly^Vn Y_ ^^-i (^Ki + 1 ) . 



i=l 



i=2 



By (EOj), (gHD we have 



K,(K, + 1)(A, + B,) = q;-1- '^^ 



2 2 

ii" /-iT— r 



Kn 



q;-1\ qr + 1 



And 



q-r-r I 1 1 qr _ ^r-r ^T-r qT _ ^t-t 
1/ Mn I ' ' ix Mn Mn 1/ Mn Mn Hn 

- Ko^ j}^o 4 Ko^^ 4 . 



R r7i.^il q^^ - 1 n^-i q^-1-qr+^ + l 2Ko + l q^ 

Di-UZKi+IJ = ;; q^ = ^ 



2 



2q, 



2qn 2qj,' 



(52) 



(53) 



(54) 
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So we obtain 

|T_(a,Ko)-T_(a + N,Ko)|^A(Ko^- ^" /" +2v^Pn— ^^(r- 1)+ 



2 



2qn 



Bqp.q;(v^^-L-^-l 



1^1 ^n tri qn 



Applying (|20|) we have 

1 v^ 1 



Bqp.q; ^Y. 7T - L 7X H V^^^Ko + 1) (v^- l) -^ + V^(2Ko + V 

V i=i '1'^ i=2 ^-^J ^ ^ qn I 

So by (Hn]) we get 

|T_(a,Ko)-T_(a + N,Ko)KAKo-^ + V^(2Ko + 1)f^r+fv^-l)-^^ 

2 Vqn V / q^- ly 



qn" 



Using fITSjl we have 

a+N 



Y_ f(n) 



n=a+l 

By iH]), (HHD, (HI]) we get 



So by fl26|) we obtain 

a+N 



^-f 



(-^)te-(^-o^) 



^ VBqA/i7^ + A^ + VBq(2 + ^V^r ■ ^-/^ ^^ ^" 



(55) 



qr = qr^^^^v^^v^. 



Y_ f(n] 



n=a+l 



1 , .v^ 



^ VBqWqn + ;^ + AY + VBq |2 



'l^+qll (V^ 



N 



Vqn V / qn-iy 



qn-1 

(56) 



By the definition of t, r we have 



r ^ 



logq 

21ogqn' 



So 



a+N 
n=a+l 



n 



^ VB5nv^logq + v^^^qn + -^ + A^+2v^(V2-l^ _^ 

(72-,) -J-,). (57) 



1 






Applying flT^ . we have 

a+N 



m.=a+l 



m 



^ v^Snv^log q + ( v^W qn + ^ + v^(v^ - 1 )^37 + 1a ) v/q 

Y V qn qn I ^ y 

+,2VB(q„ + 4)(l^^+(V2-l)^ 

V qny Vqn2l0gqn V /qn-1 



Theorem [T] is proved. 
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3 On the constant in the Polya— Vinogradov inequality 



Burgess |3] proved that for a nonprincipal character x (mod q) one has x ^ ^1,1 (c|)- 
Applying this result to (j4]) and (|5]), we have 



Q+N 



Y_ x(n] 



n=Q+l 



< 



1 



2 log 2 



v/qlogq + 3v/q, 



(58) 



Q+N 



n 



< 



1 



n=Q+l 

But this result is not the best one. Let 



3 log 3 



^log q + 6.5 v^. 



max 

Os;M<N^q 



N 






n 



T-y = max 



^Xia] 



Q=0 



Granville and Soundararajan [4J obtained two inequalities 



and 



where 



Tx^ (^ + o(1))v^logq if x(-1)=-1, 



t 



, if q is a cubefree; 



(59) 



(60) 



(61) 



3-, else. 

Up to now this result is the best-known one. Pomerance proved (see [5]) numerically explicit 
version of the Polya- Vinogradov inequality 

2 4 3 



7r^ 



7r^ 



2 



and 



Sx ^ ^yqiogq + -v^iogiogq + v^ if x(-i) = -'i- 



Up to now these bounds are the best-known numerically explicit versions of the Polya- 
Vinogradov inequahty. These inequalities are weaker then f l6Q|) , f l6Tl) but better then fl59|) . 
Applying Theorem [T] we improve f lSU]) . 

Corollary 1. For an^ n ^ 0, q ^ q^ and any nonprincipal character x (mod q), we 
/lave 



Q+N 



Lx( 



m 



m=Q+l 



^5nyqlogq+ L/q, + -L + (v/2-1]-^^ + lj v/q+-i|;,(q,1), 
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